
Q . 1

Compute the area of the surface in IR" parametrized by

glum) = (u
'

, v2 , Uiv) , Inn) c- 10,1)
'

.



Solution :

gu = 12h , Oil > 0)

g.✓= 10 , Zvi 01 1)

gun= gu - gu = 4m41

gun= guv = gu -

gu =0

guv = gv.gr = 4v41

detlgij) = 14m41) 14v41)

i. Area = f) f) 14m41) 14v41) dudu
= ¥12B +sinh-112112



Q .2

Let M = { 1×11×2 , ✗} , ✗g) c- 1124 i ✗it ✗it ✗is ✗ye I } , with the

standard orientation inherited from 1124 . Evaluate

fgm 1×13×24 -1×47dx ,
xdxz Adx,



Solution :

let w= 1×13×24 -1×4)dxi^d×z^dx} .
dw= dxqidxiadxzidxz = -dxlxdxzxdxsadxy.ir=/ dwBy the Stokes

'

-1hm , fgµ µ

Now , a parametrization of M is

glp.0.o.t-lps.no/coso.psin0s-m0.pws0.l1-t)p-t)
where (p - 01 , -0 / t) c- 10 , 1) ✗ (0,71×10,2*7×10,1) .

(we can rewrite S as

{ 1×11×21×3 ,×y) : ✗14×24×5 =p
'

& pixel } )

g.
* Idw) = -dgixdgzidgsxdgy

= -

detldgldpadfadondts.in/0cososin0sinOcos/2l1-t1pDg-pcosfwsopcos0/Sino -psinp 0

-psinosinops.in/0cosO O O

O O 0 1- p

sinpcososinos.no cosy

detdg-H-plpcosowsopcosfsino-ps.in/=d-p)p'Sino so
I

-psinosinops.in/0cosO 0
So we

have a correct

orientation .



in J w =) dw
J M

=) Y
'

- ltppsinodpdododt
O O O O

= 21T [ ¥ - ¥7! I - cost ] ?
=
-

Ig



Q . }

let fire 1122 → 112 be a smooth function whose graph is

the surface S . Clearly , Yiu→ 1123
, 4 IX. g) = IX. y , tlxiy)) gives

a parametrization of S .

(a) Show that h=
1

1- tf , 1) is an upward unit normal
1-11171-12

of S .

(b) Associated to n , we define the area 2-form N on S by

or=¥(-1¥dyndz - ¥gd 2-Adx +dxady) 1 components
same as n )

we say S is a minimal surface if do -_ 0- Show that

f- satisfies the minimal surface equation if 5 is a minimal

surface :

114¥
,
51T¥ -2¥,¥y%÷y -14+1 11%-7=0

(C) let N ER ✗ 112 be a compact oriented surface .

Show that just area IN) . & equality holds if a suitable
orientation is chosen for N , and N is parallel to S ,

i.e. if n , is a unit normal vector field of Ni then Mlp) 11 nlp) .

(d) If JN = JS and N & S bounds a region R c- 1123 , show that

area (5) C- area IN)

i.e. S minimizes the area if it is a minimal surface .



Solution :

Ia) 4× = 11 , 0 , 1¥)

hey = 10 , 1 , ¥y)
n = Yx ✗ Yy = 1-¥ ,

- ¥y , 1) = 1- ✗f. 1)

Ib) done = -¥ /¥µp¥, ) d✗✗dyad 2- - Ty ¥µp¥y) dyad#d ✗
= -1¥ /+¥tr¥ ) +Fy ftp.#y)1dxadyadt

c

'

,
do = 0

⇒ ¥+¥+i¥l+Fyl+¥→¥y11=0

¥+¥+i¥l+Fyl+¥→¥yD
= -{ 11-11171-12 5£ / 2fit✗✗ + Zfyfxfyx + Zfxfy 1-✗y + 2fifty y)
+ 11+1711-14

-+ ffxxtfyy)

= 11+1171-125? I - f-I fix -2 fyfxfyx-fyt-yy-ll-fi-fy.lt If✗✗ + fyy))

= (1-11171-12)
-¥
/ I ltfy

'

) f-✗× -2 fyfxfyx + 111-1-+4 fyy)
-

LHS of the minimal
surface eq .



(c) Let g-. U
→ IRS be a parametrization of N .

/ no
=/ug*r

=/ ¥7,09 (-1¥ogdg.ndgs-ft-yogdgsadq-dg.mg?u--fu#T-i9l-¥ig¥u¥ -¥ogf¥i¥ / +1¥ :*1¥ 1¥ 4 0¥ :* 0¥ :*
IDA

=/ulño g) • 11£ ✗Ifl DA

f)ulñogl lf£x¥✓1dA (Cauchy - Schwarz)

=/ul¥n×If1dA
= area IN )

If lñoglluiv) 1113£ ✗¥) , then either lño g) luiv) • 4£ ✗ 1¥) >0

or lño g) luiv) 1113£ ✗ 1¥) <0 1=10 since 3£ ✗ If -1-0 , and by

IVT , the sign should be consistent .)



Choose an orientation so that lño g) luiv) • 4¥ ✗ 1¥) >0 .

Then the inequality in the step of applying CS Tneq .
becomes an equality .

(d)

Area IS) = Igor IS parallel to s)

Either N or S have an orientation opposite to JR .

WLOG ,
assume N has an orientation opposite to 212 .

i. for -1; = fair
wasLEET=/pdr ( Stokes

')

= 0 IS minimal)

in areal S ) = fg or =/µ of area IN) .


